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ABSTRACT 

Multiple interactions (e.g., mutualist-resource-competitor-exploiter interactions) type models 
are known to exhibit oscillatory behaviour as a result of their complexity. This large-amplitude 
oscillation often de-stabilises multispecies communities and increases the chances of species 
extinction. What mechanisms help species in a complex ecological system to persist? Some 
studies show that dispersal can stabilise an ecological community and permit multi-species 
coexistence. However, previous empirical and theoretical studies often focused on 
one- or two-species systems, and in real life, we have more than two-species coexisting 
together in nature. Here, we employ a (four-species) multiple interactions type model 
to investigate how competition interacts with other biotic factors and dispersal to shape 
multi-species communities. Our results reveal that dispersal has (de-)stabilising effects 
on the formation of multi-species communities, and this phenomenon shapes coexistence 
mechanisms of interacting species. These contrasting effects of dispersal can best be 
illustrated through its combined influences with the competition. To do this, we employ 
numerical simulation and bifurcation analysis techniques to track the stable and unstable 

attractors of the system. Results show the 
presence of Hopf bifurcations, transcritical 
bifurcations, period-doubling bifurcations 
and limit point bifurcations of cycles as we 
vary the competitive strength in the system. 
Furthermore, our bifurcation analysis 
findings show that stable coexistence 
of multiple species is possible for some 
threshold values of ecologically-relevant 
parameters in this complex system. Overall, 
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we discover that the stability and coexistence mechanisms of multiple species depend 
greatly on the interplay between competition, other biotic components and dispersal in 
multi-species ecological systems.

Keywords: Hopf bifurcation, limit cycle, limit point bifurcation, period-doubling bifurcation, stability, 
transcritical bifurcation.

INTRODUCTION 

Competition for the scarce resource is a renowned interaction that often occurs in an 
ecological system (Gause, 1932). The Lotka-Volterra competition model is a well-known 
competition model (Grover et al., 1997; Mohd, 2019). The result from this model analysis 
shows that two or more species can only coexist if and only if the intraspecific competition 
is greater than interspecific competition (Gotelli, 2008; Mittelbach & McGill, 2019). In 
contrast, if the interspecific competition is greater than the intraspecific competition, this 
scenario leads to the exclusion of species from the system (“principle of competitive 
exclusion”) (Hardin, 1960). However, this situation contrast with real-world phenomena 
as many species coexist in nature and this observation is being postulated as the “paradox 
of phytoplankton” (Hutchinson, 1961). This paradox describes the situation in which a 
limited range of resources supports a great diversity of species. To re-address this problem, 
we hypothesise that there could be some essential mechanisms like dispersal and different 
forces of biotic interactions that lead to the coexistence of complex ecological systems 
(Tubay et al. 2013; Kakishima et al., 2015). Therefore, an important question is, how do 
we generalise a simple coexistence mechanism inferred by classical ecological theories 
to multi-species communities? One possible way to do this is through the use of multiple 
interactions type modelling framework and the incorporation of spatial diffusion mechanism 
into such a system to model the effects of local dispersal of multiple species. 

In general, research on simple ecological communities attempted to integrate different 
modules of interaction into a multi-species system (Kondoh, 2008) and demonstrated that a 
mixed type of interaction is more plausible in modelling natural ecosystems. The complex 
interspecific interactions between multiple species are typical features of ecological 
ecosystems, and those interactions are in the form of predation, parasitism, competition, and 
mutualism. Some studies have suggested that ecological communities (Kondoh & Mougi, 
2015; Mougi & Kondoh, 2012; Mougi & Kondoh, 2014; Mougi, 2016) have a synergistic 
effect between interaction type and species diversity. Some simulation studies involving 
multiple interacting species illustrate complex dynamical behaviours such as oscillations 
and chaotic dynamics (Shabunin et al., 2005). Another modelling work involving a four-
species system demonstrates that dispersal plays an important role in shaping the population 
dynamics of multi-species communities (Kouvaris et al., 2011). It has also been discovered 
that distinct dispersal mechanisms, coupled with species interactions, can determine the 
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occurrence of the different amplitude of oscillations in community structures (Shabunin 
& Provata, 2013).

Dispersal in multi-species communities can stabilise population dynamics, reduces 
local extinction of species and support recolonisation of species (Crowley, 1981; Briggs & 
Hoopes, 2004; Lampert & Hasting, 2016). Dispersal is an essential concept in conservation 
biology and spatial ecology (Hanski, 1998; Crooks & Sanjayan, 2006; Kindlmann & 
burel, 2008; Kool et al., 2013). Dispersal helps species migrate into a new community 
and adapt to the changes in such community (Bullock et al., 2002, Aliyu & Mohd, 2021). 
Several demographic, evolutionary and ecological processes drive dispersal evolution. For 
instance kin competition (Gandon & Rousset, 1999; Bach et al., 2006; Poethke et al., 2007), 
inbreeding avoidance (Gandon, 1999; Perrin & Goudet, 2001), density-dependent factor 
(Poethke & Hovestadt, 2002; Hovestadt et al., 2010), spatio-temporal habitat variability 
(Travis, 2001; Poethke et al., 2003) have been reported to affect dispersal positively by their 
synchronising effects. Synchronising effect is a term used to describe the interactions that 
exist between extrinsic environmental variation and population dynamics. Several empirical 
and theoretical studies have illustrated how antagonistic interactions and environmental 
factors shape the evolution of species dispersal (Mondor et al., 2005; Green, 2009; Poethke 
et al., 2010; Chaianunporn & Hovestadt, 2015; Amarasekare, 2016). Strong oscillation is 
a direct consequence of antagonistic interactions in multi-species communities, and this 
has led to spatio-temporal variation in the species fitness (Green, 2009; Chaianunporn 
&Hovestadt, 2012). Weak dispersal strength has a synchronisation effect on large amplitude 
population cycles across space; a phenomenon called phase-locking (Bjørnstad, 2000; 
Vasseur & Fox, 2009; Vogwill et al., 2009). There is little possibility for dispersal-induced 
stabilisation when the population cycles in the system undergo spatial synchronisation 
(Yaari et al., 2012).

Numerous empirical and theoretical studies have reported how dispersal effects 
reduce species population variability and subsequently, extinction rate (Vogwill et al., 
2009; Abbott, 2011). However, there are divergent views on the impact of dispersal on 
the stability of the multi-species community. Increase in spatial synchrony (i.e. variation 
in time-dependent characteristics or abundance of different geographical populations) is 
a product of stabilising effects of dispersal on a local population (Kendall et al., 2000). In 
some other studies, these synchronisation effects distort species stability and persistence 
(Feyrer et al., 2015; Gouhier et al., 2010). Thus, Hudson and Cattadori (1999) describe 
dispersal as a sword with double-edge: dispersal can reduce species variability through its 
stabilising effects or increase them through synchronisation effects. Some experimental 
studies report that dispersal effects could either be destabilising, stabilising or no effects 
on multi-species communities (Dey & Joshi, 2006; Steiner et al., 2013; Mohd et al., 2017). 
Given these controversies, it becomes imperative to assess the impacts of competition and 
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dispersal on multi-species coexistence. Specifically, it remains unexplored the effects of 
competition and dispersal on multiple interactions type model.

To address this problem, we extend the ecological model by adding the diffusion term; 
this incorporation leads to a system of partial differential equations (PDE) (Mitani & Mougi, 
2017). We investigate numerically how competition and dispersal shape multi-species 
structures, stability and their coexistence mechanisms. From the numerical simulation 
results, we identify several observations as a result of the interplay between competition 
and dispersal in this multiple interactions type system. Finally, we discuss the ecological 
implications of our findings for the conservation of the natural ecosystem.

MATERIAL AND METHODS

Model Description and Theoretical Analysis

We propose a system of PDE for the densities X(x, t), W(x, t), Y (x, t) and Z(x, t) in one-
dimension (0 ≤ x ≤ 1) (Equation 1) (Mitani & Mougi, 2017; Mohd et al., 2017):

  [1]

where X, W, Y, Z represent the population densities of resource, competitor, exploiter, 
and mutualist species, respectively. The parameter rk  is the rate at which the resource 
species grows; rw is the rate at which the competitor species grows; rz is the rate at which 
the mutualist species grows; α and β represent the strength of competition (i.e., resource 
and competitor species, respectively); a represents capture rate (i.e., the rate at which 
the exploiter species capture the prey). The term g represents the conversion efficiency; 
d represents exploiter species death; u and v represent the benefits from the mutualistic 
interactions (i.e., mutualistic strength of the resource and mutualist species, respectively); 
h X  and h Z  represent the half-saturation constant of resource and mutualist species, 
respectively (i.e., density at which half the average intake of prey is achieved, irrespective 
of the prey population available). It is assumed that the self-regulation mechanism of 
mutualist species (net effect of a mutualist on the other mutualist species) is unity for 
theoretical simplicity. Equation (1) is a spatial extension of the multiple interactions type 
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model (Mitani & Mougi, 2017). In the absence of dispersal (Dx=Dw=Dy=Dz=0), the 
ecological system becomes a system of ordinary differential equations (ODE). The steady 
states of the ODE system can be computed analytically by letting the time-derivative equal 
zero which gives:

1. Extinction equilibrium: E0(0 ,0 ,0 ,0) ,
2. Extinction of resource species equilibrium: (0,  ( + ( )),  ),

3. E x t i n c t i o n  o f  c o m p e t i t o r  s p e c i e s  e q u i l i b r i u m :
( , 0,    ( + ( )),  + ( )),

4. Extinction of exploiter species equilibrium: ( ,  - α , 0,   + ( )),

5. Extinction of mutualist species equilibrium: ( ,  - α ,  ( ), 0), 

6. F o u r - s p e c i e s  c o e x i s t e n c e  e q u i l i b r i u m : 
( ,  - α ,  ( - - - + ), ).

where = ( and
We can analyse the stability of each steady state by using Jacobian matrix to calculate 

their respective eigenvalues, which is given by: 

We note that if all the real parts of the eigenvalues are negative, it follows that the steady 
state is stable. For example, the extinction equilibrium E0(0 ,0 ,0 ,0)  has the following 
eigenvalues: = , = , = - d, and = . and = , = , = - d, and = . Since some eigenvalues are positive and 

= , = , = - d, and = . is negative, it follows that E0(0 ,0 ,0 ,0)  is unstable equilibrium (i.e., saddle type). 
The eigenvalues of the remaining steady states can be calculated using same techniques.

When the effect of local dispersal is considered (D X=D W=D Y=D Z>0 ) and the 
diffusion term is added into the system, the model (1) now becomes a system of PDE, 
which is a spatial extension of the multiple interactions type model (Mitani & Mougi, 
2017). The term Di(i = X, W, Y, Z) represents the dispersal strength along spatial domain 
(x). We assume equal dispersal strength for all the interacting species (DX=DW=DY=DZ= 
0.005). Also, we apply zero-flux boundary conditions for each of the interacting species 
(Equation 2) (i.e., no movement is allowed across the boundaries):
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      [2]

To solve Equation 1 with the boundary conditions as in Equations 2, we use the 
method of line. This numerical approach is implemented in XPPAUT, which provides a 
good platform for solving PDE systems in one spatial variable x (Mohd, 2019). The spatial 
domain is divided into meshes of M + 1 equivalent points of xi = ih for i = 0, 1,..., M (0 
≤ x ≤ 1). The central difference approximation is then employed to replace the spatial 
derivative in model (1). In this numerical method, the zero-flux boundary conditions are 
encoded into the scheme using finite difference approximation. The resulting transformation 
results in a 4(N+1) ODE scheme, one for each species at spatial location xi. The regular 
ODE solver, cvode, is used for solving the resulting ODE system for t = 1000 (i.e., until 
steady-state). The size of the mesh used in the numerical simulation is h = 0.09. We have 
also used AUTO to continue the steady-state, in which case we tracked the stable, unstable 
and bifurcation points that arise as the parameters change in this ecological system (Omaiye 
& Mohd, 2018). It is also verified that the numerical results are insensitive to changes in 
grid spacing (i.e., by increasing and decreasing the number of finite difference points). 
Since the PDE model (1) is nonlinear, we conducted local stability analysis whereby 
the system is linearised about the steady states via numerical techniques. To do this, the 
Jacobian matrix and the spectrum of eigenvalues are calculated numerically using fsolve 
and eig functions in MATLAB. Note that the steady state is stable if all the real parts of 
the eigenvalues are negative (and otherwise unstable). Further discussion on this topic 
(i.e., numerical stability analysis of PDE system) can be found in the modelling work of 
Mohd (2018). The parameter values used in the numerical simulation are defined in Table 
1, which are motivated by the ecological studies of (Mitani & Mougi, 2017; Mohd et al., 
2017; Mohd et al., 2018).

RESULT

The effects of dispersal on this multiple interactions type system is illustrated in Figures 
1-4. We observe that dispersal influence the coexistence mechanisms of this multi-species 
ecological system. The interacting species disperse from areas of high competition to low 
competition to avoid going extinct due to the complexity of interactions in the community. 
In the later section, it is observed that steady state phenomena and oscillatory dynamics 
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Table 1
Symbols, their definitions and the parameter values used for the numerical simulations

Symbol Definition Parameter value
rk The intrinsic growth rate of resource species 1

rw The intrinsic growth rate of competitor species 1
rz The intrinsic growth rate of the mutualist species 1
u Maximum benefit of the mutualistic interaction 3
v Maximum benefit of the mutualistic interaction 2
a Capture rate 1.8
g Conversion efficiency of the exploiter species 0.25
d Death rate of the exploiter 0.05
hx Half saturation constant of the hyperbolic functional response 1

hz Half saturation constant of the hyperbolic functional response 1
β Competitive strength of the competitor species 0.7
a Competitive strength of the resource species 0.2

DX=DW=DY=DZ Dispersal strength 0.005

Figure 1. The effects of dispersal on the resource species using model (1) with DX=DW=DY=DZ= 0.005. 
Initial species density X(x, t=0) = 0.9, W(x, t=0) = 0.3, Y(x, t=0) = 0.2, Z(x, t=0) = 0.8. The diagram is 
plotted using MATLAB ode15s solver and the parameter values as in Table 1.

Figure 2. The effects of dispersal on the competitor species using model (1) with DX=DW=DY=DZ= 
0.005. Initial species density X(x, t=0) = 0.9, W(x, t=0) = 0.3, Y(x, t=0) = 0.2, Z(x, t=0) = 0.8. The diagram 
is plotted using MATLAB ode15s solver and the parameter values as in Table 1.
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are the plausible behaviour of this multi-species system with dispersal. This findings are 
parallel to some theoretical studies which report that dispersal strength influences species 
coexistence outcomes (i.e., steady state or population oscillation) (Goldwyn & Hastings, 
2008; Williams & Hastings, 2013; Anderson & Hayes, 2018; Bassett et al., 2017; Chow et 
al., 2018).  To have a good understanding of how species competitive strength affects the 
community stability and species coexistence mechanisms, we conduct co-dimension one 
bifurcation analysis using β and α as our bifurcation parameters in the following sections.

Figure 3. The effects of dispersal on the exploiter species using model (1) with DX=DW=DY=DZ= 0.005. 
Initial species density X(x, t=0) = 0.9, W(x, t=0) = 0.3, Y(x, t=0) = 0.2, Z(x, t=0) = 0.8. The diagram is 
plotted using MATLAB ode15s solver and the parameter values as in Table 1.

Figure 4. The effects of dispersal on the mutualist species using model (1) with DX=DW=DY=DZ= 0.005. 
Initial species density X(x, t=0) = 0.9, W(x, t=0) = 0.3, Y(x, t=0) = 0.2, Z(x, t=0) = 0.8. The diagram is 
plotted using MATLAB ode15s solver and the parameter values as in Table 1.
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The Dynamics of the Ode Model in the Absence of Dispersal (D = 0)

Since our goal is to better understand how competitive interactions shape community 
dynamics in multiple interactions type model, we perform co-dimension one bifurcation 
analysis using parameter β, i.e., the strength of competitor species. Bifurcation analysis 
provide a good techniques for studying different dynamics of nonlinear PDE (Mohd, 
2018). As an example, Figure 5 illustrates the population density of prey species (X) as 
parameter β is changed with other parameter values are given in Table 1. There occur 
several critical values in this co-dimension one bifurcation diagram corresponding to 
supercritical Hopf bifurcation (i.e., HB) and transcritical bifurcations (i.e., BP1 and 
BP2). We notice the existence of some branches of steady states, particularly unstable 
(black curves) and stable (red curves) steady states. As the competitive strength β 
increases, the emergence of distinct outcomes of species interactions are observed: (i) 
four-species steady-state (i.e., when β < HB); (ii) bistable outcomes between three- and 
two-species steady states (i.e., when BP2 < β < BP1); (iii) two-species steady states (i.e., 
when β > BP1). When HB < β < BP2, oscillatory behaviour (green dots) emerges with 
population fluctuations in this four-species system are observed; in this case, stable limit 

Figure 5. Co-dimension one bifurcation analysis as the density of species X varies against β in the model 
(1) without dispersal (D = 0). This bifurcation diagram shows different dynamics that occur in the ODE 
system. Initial population densities: X(x; t = 0) = 0:9, W (x; t = 0) = 0:7, Y (x; t = 0) = 0:6, Z(x; t = 0) = 0:8. 
The diagram is plotted using XPPAUT package and the parameter values as in Table 1
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cycles (Figure 6) appear with all steady states of the system become unstable. Due to 
this reason, the trajectories do not converge to any steady-state as it converges to a stable 
limit cycle from positive initial densities. Based on these observations, we realise that 
Hopf bifurcation is the best-known mechanism that mediates oscillatory dynamics in this 
ecological system. These bifurcation changes in dynamics and their consequences on 
species coexistence outcomes has been observed in several other studies (Liu & Huang, 
2018; Gyllenberg et al., 2019; Mohd, 2019; Wei et al. 2020).

Joint Effects of Competition and Dispersal in the Multiple Interactions Type PDE 
Model

To explain the differences observed in the number of species that persist as shown by Figure 
7, we perform co-dimension one bifurcation analysis of the PDE model (1) and the result 
is depicted in Figure 7. This bifurcation diagram shows the density of resource species (X) 
as β varies. There occurs several threshold values of β, which correspond to transcritical 
bifurcation points (i.e., BP1, BP2 and BP3). As we cross these critical points, different 
presence-absence of species are seen: (i) four-species coexistence (i.e., when β < BP3); (ii) 
three-species coexistence with species Y absent (i.e., when BP3 < β < BP2); (iii) two-species 
coexistence with species X and Y absent (i.e., when BP2 < β < BP1); (iv) single-species 
steady-state with only species Z present (i.e., when β > BP1). We realise that transcritical 
bifurcation plays an important factor in determining survival (and exclusion) of different 
interacting species in this multi-species PDE system. It is also discovered that the strength 
of multiple interactions type arising from distinct ecological populations such as resource, 

Figure 6. Stable limit cycle of model (1) with D=0. Initial species density X(x, t=0) = 0.9, W(x, t=0) = 0.3, 
Y(x, t=0) = 0.2, Z(x, t=0) = 0.8. The diagram is plotted using XPPAUT and the parameter values as in Table 1.
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competitor and exploiter species is amplified in the presence of dispersal, which can weaken 
the chance of species survival in the system. 

Closer examination of our bifurcation analysis results without dispersal (Figure 5) 
and with dispersal (Figure 7) illustrates some intriguing observations. We found that the 
inclusion of dispersal into this ecological system promotes more outcomes with four-species 
coexistence steady state. Without dispersal, we observe that oscillatory dynamics are more 
pronounced in this multiple interactions type model with species populations oscillate 
between some maximum and minimum densities. However, one of the concerns with this 
kind of oscillatory dynamics is that some populations of species would fluctuate to a very 
low abundance; in the presence of external factors (e.g., stochasticity), this situation would 
increase the likelihood of extinction and could result in de-stabilisation of multi-species 
communities (Mohd, 2019). This vulnerability is softened by incorporation of dispersal 
into the model: multi-species coexistence outcomes are more likely to occur due to the 
positive effects of dispersal in rescuing some weaker species from going extinct. This 
observation is consistent with the reports in some theoretical studies that dispersal can 

Figure 7. Co-dimension one bifurcation analysis as the density of species X varies against β in the model 
(1) with dispersal (DX=DW=DY=DZ= 0.005). This bifurcation diagram shows different dynamics that 
occur in the ODE system. Initial population densities: X(x; t = 0) = 0:9, W (x; t = 0) = 0:7, Y (x; t = 0) = 
0:6, Z(x; t = 0) = 0:8. The diagram is plotted using XPPAUT package and the parameter values as in Table 1
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induce stability and synchrony in complex systems (Fussell et al., 2019; Verma & Gupta, 
2020; Mohd & Noorani, 2020).

We also investigate the impacts of competition exerted by the resource species, α, on this 
multi-species ecosystem. Figure 8 shows the food web dynamics with respect to the density 
of resource species (X) as α is varied in the case of no-dispersal (D = 0). In general, this 
ecological system exhibits rich bifurcation structures that are of ecological importance. There 
occurs numerous threshold values of α, which determine different outcomes of the model; 
in particular, two supercritical Hopf bifurcations (H1 and H2), transcritical bifurcation (BP), 
period-doubling bifurcations (PD1, PD2 and PD3) and limit point bifurcations of cycles 
(LPC1 to LPC10). It is observed that multi-species coexistence is possible as α < H1 or H2 < 
α < BP. When the competitive strength of the resource species is intense (α > BP), exclusion 
of species occurs with the weaker competing species (W) is being displaced in the long run 
due to competitive asymmetry. In the case of moderate competitive strength (i.e., in between 
H1 and H2), we realise some stimulating complex dynamics in this multiple interactions type 
system: stable (green dots) and unstable (blue dots) limit cycles and period-doublings. We 

Figure 8. Co-dimension one bifurcation analysis as the density of species X varies against α in the model 
(1) without dispersal (D = 0). This bifurcation diagram shows different dynamics that occur in the PDE 
system. Initial population densities: X(x; t = 0) = 0:9, W (x; t = 0) = 0:7, Y (x; t = 0) = 0:6, Z(x; t = 0) = 
0:8. The diagram is plotted using XPPAUT package and the parameter values as in Table 1.
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observe that the stable limit cycles give birth to unstable limit cycles and period-doubling 
bifurcations and, in some cases, this situation could trigger more complex dynamics. The 
complex dynamics associated with period-doubling has been observed in some theoretical 
studies (Selvam & Dhineshbabu, 2020; Bashkirtseva et al., 2019; Gupta & Yadav, 2020; 
Namba et al., 2018; Baek, 2018).

In the presence of dispersal, the system exhibit qualitatively similar bifurcation 
structures (Figure 9) to no-dispersal scenario (Figure 8), as α is varied. This bifurcation 
diagram shows that starting from low (or high) α values do not result in sustained oscillation 
patterns but only lead to attraction towards four- or three-species coexistence steady state. 
Stable limit cycles of different amplitudes occur from supercritical Hopf bifurcation points 
(H1 and H2) as the value of α changes to moderate competitive strength. There occurs 
several period-doubling bifurcations (PD1, PD2 and PD3) and limit point bifurcations 
of cycles (LPC1 to LPC6), which can engender complex dynamical behaviour in this 
ecological system such as aperiodic oscillations (Figure 10). It is also noted that when α 
> BP, competing species (W) is being displaced and thus only three-species coexistence 
outcome is possible in this situation.

Figure 9. Co-dimension one bifurcation analysis as the density of species X varies against α in the model 
(1) with the inclusion of dispersal (DX=DW=DY=DZ= 0.005). This bifurcation diagram shows different 
dynamics that occur in the PDE system. Initial population densities: X(x; t = 0) = 0:9, W (x; t = 0) = 0:7, Y 
(x; t = 0) = 0:6, Z(x; t = 0) = 0:8. The diagram is plotted using XPPAUT package and the parameter values 
as in Table 1.
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DISCUSSION

The ecological theories have emphasised the crucial impacts of competition and dispersal 
in shaping the dynamics of the multi-species system. Thus, a better understanding of their 
joint effects on the multi-species community assemblies is an important aspect in devising 
effective species conservation strategies and in maintaining the biodiversity of species. 
To address these issues, we extended previous multiple interactions type studies (Mitani 
& Mougi, 2017) by incorporating a spatial dispersal (i.e., diffusion) term into the system 
to examine the combined influences of distinct biotic factors and dispersal on community 
dynamics. In the presence of mutualist-resource-exploiter interactions, our numerical results 
show that competition and dispersal affect the stability and coexistence of species in the 
community. The interplay of dispersal with competition shows some intriguing dynamics 
that are essential for the formation of multi-species ecosystems. An interesting observation 
from our findings is that the combined influences between competition and dispersal result 
in different species composition (presence-absence) in this ecological community. Further 
comparing our results with and without dispersal in this modelling framework shows that 
there is a qualitative change in the overall dynamics of the ecological system as a result 
of dispersal and different biotic interactions between multiple species. This finding is 
in parallel with previous ecological studies (Mohd et al., 2016; Lee et al., 2020), which 
demonstrated that dispersal has different effects on the outcomes of species interactions.

Figure 10. Time series for model (1) in the presence of dispersal (DX=DW=DY=DZ  = 0.005) with α = 
8:1. Initial population densities: X(x; t = 0) = 0:9, W (x; t = 0) = 0:7, Y (x; t = 0) = 0:6, Z(x; t = 0) = 0:8. 
X (yellow), W (black), Y (red) and Z (green). The results remains the same for different choices of initial 
conditions. The diagram is plotted using XPPAUT package and the parameter values in Table 1.
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Our results in this work extend the insights of some experimental studies (Holyoak, 
2000), which used small-scale mesocosm techniques to verify the effects of the paradox 
of enrichment and dispersal on the persistence of prey-predator species. We discover that 
large population oscillations are also possible in a multiple interaction type system with 
dispersal. Our analysis shows the presence of stable and unstable limit cycles (through Hopf 
bifurcations) together with the emergence of period-doubling bifurcations as the plausible 
mechanisms that can induce fluctuating populations. These population cycles occur as a 
result of the interactions between competition and other biotic factors (e.g., mutualist-
resource-exploiter interactions) in both systems with and without dispersal. This point of 
view re-enforces some theoretical results that other mechanisms might cause population 
cycles outside the conventional paradox of enrichment (Turchin, 2003; Rozhnova et al., 
2013; Barraquand et al., 2017). The findings in this work demonstrate that the interplay 
of multiple interactions type and dispersal mediate population cycles as a result of their 
complexity.

In general, understanding the stability and coexistence mechanisms in multi-species 
ecosystems is a challenging task, and this issue has been studied from different contexts 
previously: for instance, regarding the influences of ecological and temporal process 
(Chesson, 2018; Leibold & Chase, 2017), the impacts of several limiting resources 
(Barabás et al., 2018) and the effects of multiple interactions type on multi-species 
community dynamics (Loreau, 2010; Carrara et al., 2015). Our work adds further insights 
to these previous studies, and we show that it is possible to maintain species diversity and 
multi-species coexistence in the presence of dispersal and mutualist-resource-competitor-
exploiter interactions as long as the interspecific interactions strength is within certain 
threshold values. This line of thought also agrees with previous studies (Allesina & Tang, 
2012; Becks et al., 2012; Mougi, 2012; Fussman & Gonzalez, 2013; Koch et al., 2014; 
Vellend, 2020). Our numerical simulation results have also demonstrated the importance 
of interaction strength in the overall stability of a multi-species ecological system. These 
findings further suggest that weak competition strength is a pre-requisite for species 
stability, coexistence and persistence. This result has shed some light on past empirical and 
theoretical studies (Kokkoris et al., 1999; Barabás et al., 2016; Gellner & McCann, 2016). 
The weak competition strength plays a critical role in maintaining the population oscillation 
(McCann et al., 1998). Another point to note is that diversity in species interactions strength 
affects the stability and composition of the community and this agrees with other theoretical 
results (Landi et al., 2018; Karakoç et al., 2020).

From the dynamical systems viewpoints, our bifurcation analysis results emphasise 
the importance of numerical continuation studies in comprehending the overall dynamics 
of the complex ecological system and the stability properties of different attractors. The 
bifurcation results show the dynamics that occur in the system and the threshold values 
at which they occur. It further illustrates the presence of transcritical bifurcations in the 
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ODE and PDE systems under consideration, as we vary competitive strength; the direct 
effects of this bifurcation can be seen in the species composition (presence-absence) as 
the magnitude of competitive strength changes, due to the exchange of stability between 
distinct steady states (Mohd, 2016). Other fascinating dynamical behaviours such as 
multi-species coexistence, stable and unstable limit cycles and aperiodic oscillations also 
emerge owing to the occurrences of Hopf bifurcations, limit point bifurcations of cycles 
and period-doubling bifurcations. In general, the presence of Hopf bifurcations gives birth 
to sustained oscillations that are uniform in space and periodic in time (Upadhyay et al., 
2015; Upadhyay & Roy, 2016; Moustafa et al., 2020). The presence of period-doubling 
bifurcation may lead to the possibility of chaotic dynamics in some ecological systems 
(Ladeira & de Oliveira, 2019; Nath & Das, 2020).

As a conclusion, our results demonstrate the crucial roles of competition and 
dispersal play in multiple interactions type models on the stability and coexistence of 
complex ecological systems. We show that dispersal has (de-)stabilising effects on the 
multi-species systems and that the interplay between dispersal and several biotic factors 
have significant consequences on the community dynamics. In this paper, we have made 
some simplification by assuming a symmetric dispersal strength (DX=DW=DY=DZ= 
0.005) in multiple interactions type model; in reality, not all species disperse with the 
same dispersal strength and some species are more mobile (or immobile) than the others. 
As demonstrated by some previous theoretical studies (Zhou, 2016; He & Ni, 2013), the 
asymmetrical dispersal strength among species is another vital force that can shape multi-
species community dynamics. For future work, we will consider this open problem and 
examine how the unequal dispersal strategies can determine the survival of species in this 
multiple interactions type system.
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